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Abstract

Chemically active saturated clays are considered in a two-phase framework. The solid phase contains clay particles,
absorbed water and dissolved ions, Na®, K* and Cl~. The fluid phase, or pore water, contains free water and the same
ionic species. Water and ions can transfer between the two phases. In addition, they diffuse through the porous medium.
A global understanding of all phenomena, mass transfer, diffusion/advection and deformation is provided. The coupled
constitutive equations associated to these phenomena are developed. Emphasis is laid on the electro-chemo-mechanical
constitutive equations in an elastic—plastic setting.

A finite element formulation embodying all the above aspects is proposed and simulations of oedometer tests are
presented and commented. Of particular interest are the consolidation and swelling that occur during salinization and
desalinization of an external reservoir in contact with the specimen, and the more subtle, but important effects of
replacing an NaCl pore solution by a KCI pore solution, and conversely.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Swelling and shrinkage are important issues for natural or engineered soils used in foundations, road
pavements, contamination barriers, and petroleum engineering. On the other hand, swelling of bentonite is
taken advantage of, so as to decrease soil permeability to contaminants.

Saturation of pore space of swelling clays with an electrolyte is considered here, with water as the solvent
and NaCl and KClI as salts in dissolved form. The setting is thus distinct from that in GL ' where a single
salt, namely NaCl, was present so that electrical effects could be disregarded.

While the ultimate goal is to address practical in situ geotechnical problems, the present study is first
devoted to simulate tests where the chemical composition of the electrolytic reservoir in contact with a
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laboratory specimen is changed, inducing swelling or shrinkage. Simulations aim at qualitatively and
quantitatively reproducing experimental data. Focus is on the relations between reservoir concentration
and specimen swelling and shrinkage. In fact, the very nature of the ionic species present in the bath, as well
as the mechanical conditions, matter as far as the amplitudes of the volume changes are concerned. KCl has
been shown to stiffen clay considerably more than NaCl, Fig. 1. Therefore the model should be able to
account for the individual effects of salts. While cycles of chemical and mechanical loadings are simulated,
irreversible strains develop, and an elastic analysis would be inadequate. The elastic—plastic constitutive
setting used here has been developed in GLH. In order to address the finite element simulations of the tests,
further constitutive aspects need to be considered. Indeed, several types of coupling are at work in the
simulations. They involve

Elastic and plastic couplings: the mass-contents of absorbed water and cations have a strong influence on
the elastic and elastic—plastic properties of solid phase.

Mass transfers between the phases: the physico-chemical reactions picturing exchange of water and ca-
tions between the fluid phase and the clay clusters are essential ingredients to the mechanical couplings
above.
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(a) Experimental data on Bisacciaclay,Di Maio and Fenelli (1997).
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(b) Experimental data on Ponza bentonite,Di Maio (1998).

Fig. 1. Successive replacements of pore solution by NaCl and KCl saturated solutions during oedometric tests at constant vertical
stress of 40 kPa. Evolution of (a) the settlement and (b) the volumetric (or axial) strain. The replacement of cations initially present in
Ponza bentonite by cations Na* is slow, progressive and requires several cycles to get steady. The reversible or irreversible character of
the material response to a chemical loading is difficult to be defined because it involves a number of physical aspects, as well as
microstructural features of the clays. For example, Figure (b) shows that saturation of the fresh reservoir by KCl results in about the
same consolidation as that induced by NaCl. However, later refreshment of the reservoir implies a very small swelling. The phe-
nomenon is due to displacement of ions Na® by ions K*, and this stiffens notably the material behaviour. The initial volume is
recovered only if a complete symmetric chemical loading path is imposed, that is H,O-NaCl-H,O-KCl-H,0-NaCl-H,0.
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Diffusion couplings: the constitutive equations for generalized diffusion involve seepage of water, water-
advected diffusion of ionic species and electrical flow through the porous medium. Couplings between
these flows are introduced by osmotic efficiency whose intensity strongly decreases with salt concentra-
tion, by ionic mobilities and electro-osmotic conductivity.

Therefore, the analysis encompasses both the hydrogeologic point of view which addresses the two last
aspects only, no deformation being accounted for, and the classic geomechanical perspective where only
hydro-mechanical coupling is accounted for.

Saturated clay is viewed as a porous deformable continuum consisting of two overlapping phases, each
phase containing several species. Phase identification follows a kinematic criterion and attributes the ab-
sorbed water to the solid phase based on the affinity of their velocities, Hueckel (1992).

The electro-chemo-mechanical elastic—plastic constitutive equations involve the species of the solid phase
(the clay platelets) but treat the fluid phase as a whole. The species of the latter only diffuse through the
porous medium, obeying generalized diffusion equations. Clay platelets are surrounded by a fictitious
membrane. This membrane is permeable to water and ionic species at various degrees, but completely
impermeable to clay platelets. Electroneutrality is required in each of the two phases.

In the double porosity models applied to fractured rocks, fluid exchanges between two types of cavities,
pores and fractures, depending on the relative pressures. Here water and cations transfer between the solid
and the fluid phases. In both frameworks, these exchanges, or transfers, can be viewed as introducing
internal memory effects.

Attention is paid to symmetries when formulating the constitutive equations for mass transfer, gen-
eralized diffusion, chemo-elasticity and chemo-elastoplasticity. However, the finite element formulation
gives rise to matrices with non-symmetric profiles. Non-symmetry of the global diffusion and stiffness arises
due to the involment of couplings of different natures, even if each of them, taken individually, would lead
to symmetry. Indeed, the generalized diffusion law obeys Onsager reciprocity principle, and plasticity can
be associative. The cure of spurious oscillations due to advection-diffusion by an implicit SUPG method
introduces another source of non-symmetry in the effective diffusion matrix. More symmetric profiles might
be envisaged using a lagrangian approach to tackle the incompressibility constraint and the electroneu-
trality condition if required, e.g. Levenston et al. (1998). The price to pay is a larger size of matrices, with
two lagrangians as additional unknowns.

As for the geomechanical models of the issues addressed here, the ones we are aware of use too strong
restrictions to qualify for the tests envisaged, in as far they consider deformable materials which are linear
elastic, and also neglect non-linear couplings. While valuable, as it allows for analytical developments, a
linear elastic approach is really limited in the interpretation of laboratory tests or field events. To our
knowledge no one of the works mentioned below has provided a calibration of their parameters using either
laboratory or field instrumented data, nor have been simulations of the controlled situations presented. The
only case where the elastic assumption can be used with confidence concerns strongly overconsolidated
materials. In fact, it has been argumented in GL, and it is reiterated here, that couplings between elastic—
plastic properties and chemistry are strong, and most experimental paths that we have simulated contain at
least a portion of plastic loading.

Barbour and Fredlund (1989), Kaczmarek and Hueckel (1998), Smith (2000) consider essentially one-
dimensional linear elastic models intended to analyze the effect of organic contaminant diffusion on a
deformable medium. Sherwood (1993) has formulated a poroelastic constitutive behaviour referred to as
inert, where the solid particles constitute the solid phase but the fluid phase contains several species, water
and salts. The model has been used in a petroleum engineering context. Bennethum and Cushman (1999)
and Murad (1999) have addressed the transfer of water into interlamellar space in clays through a two- or
three-spatial scale modeling using homogenization schemes. This type of approach entails a substantial
number of constitutive assumptions, requiring sophisticated identification procedures. Geomechanical
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instances where electro-chemical couplings are key phenomena, like in modelling of electrokinetic reme-
diations of metal-contaminated soils, have so far considered non-deformable soils, e.g. Yeung (1990) and
Yeung and Datla (1995).

Generalized diffusion and diffusion couplings follow quite a similar framework for clays and articular
cartilages, Simon et al. (1998), Levenston et al. (1998) and Huyghe and Janssen (1999). Electrical inter-
actions between ions and negatively charged clay platelets and proteoglycans play a key role on the
deformability of clays and cartilages respectively. However, the completely different constitutions of the
solid phases, clay minerals on one side, macromolecules of collagen and proteoglycans on the other side,
imply the elastic coupling to be sensibly different, e.g. Loret and Gajo (2004).

The paper is organized as follows. Basic entities pertaining to the two-phase/multi-species framework
used here are defined in Section 2, and the local balance equations are stated in view of future use in the
finite element simulations. The mass transfer equations, generalized diffusion equations and the elastic—
plastic constitutive equations are motivated by satisfaction of a general dissipation inequality that naturally
highlights electro-chemo-mechanical couplings, Section 3. Mass transfer is viewed as a physico-chemical
reaction. The generalized diffusion equations couple hydraulic, diffusion and electrical effects. The influ-
ences of these couplings in the balance equations are highlighted. For comprehensiveness, the elastic and
elastic—plastic constitutive equations developed in GLH are summarized in Section 4.

The weak form of the field equations and the time-integration procedure to solve the highly non-linear
matrix equations through a finite element procedure are provided in Section 5. Non-linearity is contributed
by all aspects of the model, inter alia chemical potentials and osmotic efficiency are strongly non-linear
functions of salt concentration, and elasto-plasticity introduces another type of strong non-linearity. The
choice of the eight primary variables, and associated field equations, is motivated by the general perspective
of this electro-chemo-mechanical analysis in fluid-saturated porous media. In particular, they have to
provide sufficient information to define at each time step the elastic—plastic state of the two-phase medium.
These primary variables are the solid displacement vector, the fluid pressure, the concentrations of Nat, K*
and CI™ in the fluid phase, the mass-contents of absorbed water and Na* in the solid phase, and the
electrical potential.

Simulations of documented oedometer tests evidence the influences of the various couplings in transient
initial and boundary value problems, Section 6. Notice however that neither the formulation nor the
parameter identification are restricted to this one-dimensional setting. Attention is paid to the simulations
of shrinking and swelling that accompany the changes of salinity of the reservoir, and therefore of the pore
electrolyte. In agreement with data, Di Maio and Fenelli (1997); Di Maio (1998), replacement of a Na-
dominated pore solution by distilled pore water produces a quite different swelling strain than if the
replacement were made from a K-dominated pore solution.

Notation: Compact or index tensorial notation will be used throughout this work. Tensor quantities are
identified by boldface letters. I = (I;;) is the second order identity tensor (Kronecker delta). Symbols ‘-’ and
. between tensors of various orders denote their inner product with single and double contraction
respectively. tr denotes the trace of a second order tensor, dev its deviatoric part and div is the divergence
operator. Unless stated otherwise, the convention of summation over repeated indices does not apply.

2. The two-phase framework
2.1. General framework

We consider a two-phase porous medium. Each phase is composed of several species. The solid phase S
contains five species: clay particles denoted by the symbol ¢, absorbed and adsorbed water (w), ions sodium
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Na™, potassium K*, chloride Cl~. The fluid phase W contains four species: pore water and ions sodium,
potassium and chloride.

The clay clusters are surrounded by a fictitious membrane which is a priori impermeable to clay particles
only: clay suspensions are out of the realm of this study. Thus the mass of clay in the solid phase, obtained
by aggregation of clay clusters, is constant. The membrane could serve also as a barrier for anions or non-
exchangeable cations. A species in a phase is referred to by two indices, the index of the species and the
index of the phase. Several sets of species with specific properties are introduced namely:

species in the solid phase S = {c¢,w,Na™ K* CI"};

species in the fluid phase W = {w,Na®" K", Cl" };

species that can cross the membrane S” = W~ =W = {w,Na", K", Cl" };
ionic species in the fluid phase W* = {Na*, K", CI"}.

The main assumptions which underly the two-phase multi-species model follow the strongly interacting
model of Bataille and Kestin (1977), namely,

(H1) The mass balance is required for each species. Mass balance for each phase is obtained via mass bal-
ances of the species it contains.

(H2) Momentum balance is required for the mixture as whole. Species in the fluid phase are endowed with
their own velocities so as to allow them to satisfy their own balance of momentum and to diffuse in
their phase, possibly with electrical effects.

(H3) The velocity of any species in the solid phase is that of the latter, v, = vg, Vk € S, and therefore their
balance of momentum is not required explicitly, but accounted for by the balance of momentum of
the mixture. Water and ions of the solid phase transfer to and from the fluid phase.

(H4) In the fluid phase, the pressure is assumed to be uniform across all species, pyr = pw, Vk € W. In con-
trast, absorbed species in the solid phase are endowed, through specific constitutive equations, with
their own intrinsic pressure.

(H5) Electroneutrality is required in each phase separately. In the solid phase, negatively charged clay par-
ticles require the presence of the absorbed cations.

In the solid phase, the pressures attributed to the phase and to the species in that phase are not set a
priori as equal. At variance with assumption (HY5), Levenston et al. (1998) consider a single electroneutrality
condition for biological tissues. In fact, the situation of polymer gels and hydrated biological tissues pre-
sents some similarity with that of clay: the solid skeleton structured primarily by collagen fibrils contain
negatively charged proteoglycans. But Levenston et al. (1998) consider that the cations are part of the fluid
phase, so that the phases in their study are not neutral. In contrast, we make a distinction between absorbed
cations which are kinematically tied to the clay particles (H3) and cations in the fluid phases which are
endowed with their own velocities (H4).

Assumptions (H1)-(H2) are compatible with the usual finite element alternatives which consist in

e cither imposing the balance of momentum of the whole mixture and the balance of mass of the fluid
phase (or some equivalent scalar condition), the solid displacement and fluid pressure being part of
the primary unknowns;

e or imposing the balances of momentum of both solid and fluid phases, the fluid displacement replacing
the fluid pressure as a primary unknown.

Of course the presence of ionic species and electrical effects increases the list of primary variables and
associated field equations.
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2.2. Basic entities

A key entity that accounts for the chemical properties of species & of phase K is the electro-chemical
potential which can be mass-based and denoted 15 [unit m%/s?], or mole-based and denoted g% [unit m? kg/
s2/mol], that is g\ = m\"" 1\, with m{"") molar mass of species &, e.g. m™) = 18 gm. Let the initial volume
of the porous medium be ¥, and let ¥ = V(¢) be its current volume (Fig. 2). The incremental work done by
the total stress ¢ in the incremental strain de of the solid phase and by the electro-chemical potentials 15
during the addition of mass dmyx of the species & to the phase K (or by the electro-chemical potentials g
during the addition/subtraction of 6/N;x moles) can be cast in either form

Nig

O¥ =0 :0e+ Y s dmy swza;5e+;g;;57o.

kK

(2.1)

Summation extends to all k € S~ = W= = W and K = S, W, since the mass of the clay particles is constant.
The myx’s are the fluid mass-contents per unit initial volume of the porous medium [unit kg/m?].

The constitutive equations will be phrased in terms of mass-based (electro-)chemical potentials, with the
mass-contents as independent variables. However, data are available for mole-based free enthalpies of
formation. Therefore, use will be made of the entities best appropriate to the context.

The classical formula of the chemical potential of the species £ in the fluid phase W, e.g. Haase (1990,
Chapters 2-5), identifies

° 0

0O o o
o s}

0

o Dissolved
salts
o 0 o 0
Free water
o ° °

Fig. 2. Schematic of a chemo-mechanical experiment on a heteroionic clay. The pore water is in contact with a large reservoir whose
chemical composition is controlled. In the sample submitted to a variable mechanical load in terms of stress or strain, the solid phase
(clay clusters structured by negatively charged particles with attached absorbed water and ions) is in contact with the fluid phase (pore

water with dissolved salts). Water and ions absorbed in the solid phase are exchanged with their counterparts in pore water depending
on their respective contents and on mechanical conditions.
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e a purely mechanical contribution which involves the intrinsic pressure of the fluid phase py, and the
intrinsic density p, or molar volume of the species U,EM>, and
e a chemical contribution which accounts for the molar fraction x; of the species k in phase W.

For charged species in presence of the electrical potential ¢” [unit Volt=kgm?/s’/A], the electro-
chemical potentials involve in addition an electrical contribution. Moreover, soluble species develop also a
configurational energetic property measured by their free enthalpy of formation g,,. As for the species
within the solid phase S, the mechanical contribution to the electro-chemical potential of species & is as-
sumed to involve its intrinsic mean-stress p;s to be defined by constitutive relations. In integral form,

mi s = g = gl + / o dply + RT Lnxi + GF 9, (22)

with pyw = pw, k € W. The integration above is performed from a reference state, say (py = p%,, Xy = 1,
¢" = 0), to the current state. Therefore, gy, serves as the mole-based value of the chemical potential in the
reference state. In these formulas, R = 8.31451 J/mol/°C is the universal gas constant, and 7' (°C) the
absolute temperature. The electrical contribution to the chemical potentials is introduced through the
valence {, and Faraday’s equivalent charge F = Avogadro number X charge of an electron =96487 Cou-
lomb/mole (1 Coulomb=1 As). By convention, {,, = 0.

One of the principal tasks in building a theory of deformable porous media is to link the change of pore
space to the mass of pore liquid flowing in or out of the representative volume element. This description is
more complex when reactions take place, resulting in generation or disappearance of mass. We shall define
below different measures of mass changes and volume changes that will be used in the constitutive and field
equations.

The molar fraction x;x of the species k in phase K is defined by the relative ratio of the mole number Ny
of that species within the phase K, namely

Nik .
Xix = ————— with xix =1, K=8,W. (2.3)
Z/EK Nik %

The current volume of the species & of phase K is denoted by Vix and the current volume of the phase K by
Vi. Then the volume fraction of the species k of the phase K is defined as m = Vix/V while the volume
fraction of the phase K is nx = Vx/V = >,y mix and ng + ny = 1. On the other hand, volume-contents
v = Vix/Vo = m V[V, for the species k of phase K and vx = Vi /Vo = ngV/V, for the phase K refer to the
initial total volume V. The mass-contents my, per unit initial volume ¥} of the species k of phase K, and my
of the phase K, are obtained from the volume-contents v;x and intrinsic mass densities p,:

MkK Nka](cM) K
_ Muc_ Necrmy — —Ld—_E: , 2.4
Mk 7 7 Pilkk, Mg 7 2 myg ( )

With (2.4), the molar fractions x;x can be expressed in terms of the mass-contents. For incompressible
species, the mass- and volume-contents are one and the same variables, and, although transfer and con-
stitutive equations are phrased in terms of mass-contents, the use of volume-contents may occasionally
simplify the notations.

The apparent density of the species k in the porous medium, namely p** = nikp,, and the apparent
density of the phase K, namely pX = >~,_; p*, refer to the volume of porous medium. The molar volume
v,(cM) and molar mass m,((M) of the species k are linked by the intrinsic density p,, namely m,EM) = pkv,((M) (no
summation on k), so that, in incremental form, the mechanical contribution to the mass-based potential is
dpw/ p, for the species k of the fluid phase and dps/p, for the species k of the solid phase. Note that the
density of any species is assumed to be one and the same in both solid and fluid phases.
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We will also need the non-dimensional concentration ¢ which is the volume fraction referred to the
fluid phase rather than to the porous medium, namely >

volume of species £ of fluid phase Viy my v Vo U,EM)
Cor = - = = =—— =X, kew, (2.5)
volume of fluid phase Vw nw g Vol

and therefore ), _, cow = 1. The molar volume of the fluid phase is v%ﬂ = Zkekawv,im.

Under standard conditions of temperature and pressure, the maximum mass of NaCl dissolved in one
liter of distilled water is 360 gm, that is 6.15 moles, since m(NAZ =23 gm and mCAl/[ = 35.5 gm,’ corresponding
to the molar fraction x33ty, = 0.091, i.e. xNa~53t = 0.819. The molar volume of dissolved salt varies from 17.6
cm? at low molarlty of 0.25 mol/l to 21. 3 cm? at high molarity of 5.142 mol/l. Here, we admit a fixed value
of "Nac1 =20 cm The molar volume of the fluid phase varies from 18 cm?® for distilled water to
0.9 x 18 + 0.1 x vN )a = 18.2 cm?, which gives a saturated salt concentration ¢ty = 0.10, or equivalently
A /! vNaCl equal to 5 moles, or also 115 gm of Na* per liter of solution (= fluid phase) The maximum mass
of KCl dissolved in one liter of distilled water is 342 gm, that is 4.58 moles, since mK =39.1 gm. Admlttmg
also a molar Volume of dlssolved salt of vy =20 cm’, the above figures become x3}, = 0.071,

XK 5t =0.858, vW = 18.15cm’, ¢, = 0.078, or equlvalenty s /vKC1 equal to 3.91 moles, or also 153 gm
of K+ per liter of solution. If the salts were dissolved together, the above saturated values would vary, but
saturation in the presence of the two salts does not occur in the experimental data to be simulated.

Two additional phase entities of physical importance in electrolytes are the electrical density and the
electrical current density. The latter definition is deferred to Section 2.5. In phase K, the electrical density I,
[unit Coulomb/m3] can be expressed inter alia in terms of mole numbers, molar fractions, or mass-contents,

Z Nk = Z Coxpg = F — d Z Ck (2.6)

keK kek kek

and, in addition, for the fluid phase, in terms of concentrations as

Lew = ”WZCk (2-7)

kew

The fulfillment of electroneutrality in phase K is simply /,x = 0.

Both the solid and fluid phases are assumed to be electrically neutral. The electroneutrality condition sets
a minimal admissible value for the molar fractions of the absorbed cations, especially when the pore
solution is distilled water: then at equilibrium, the molar fraction of absorbed water overweights the other
molar fractions. However, electroneutrality implies

NNas + Ngs = —{Nes + Neis > 0 <= X = xnas + Xks = —{Xes + Xas > 0. (2.8)

2.3. Electro-chemical energy of the fluid phase

In order to define the mechanical constitutive equations of the porous medium, the electro-chemical
effects in pore water will be isolated. Using the Gibbs-Duhem relation, Section 2.3 in GLH, the differential
of the electro-chemical energy of the fluid phase per initial unit volume of the porous medium can be cast in
the form,

2 Traditional analyses make use of the concentration measured in mol/volume of solution, that is of ¢4/ v,(L,M), or in mass/volume of
solution, that is p,cuw.

? The following values of molar volumes have been used: de =3 cm*/mole, UK =13 cm’/mole, bgl ) = 17 em¥/mole, and hence
Prna = 7.66 kg/l, pr = 3 kg/l, poy = 2.09 kg/l, p, = 5.111 kg/l.
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3y = Z w5y S — piduw, (29)

kew

the electrical contribution vanishing due to electroneutrality of the fluid phase, Egs. (2.6), (2.7).
2.4. Incompressibility constraint

A situation of particular interest arises when all species are incompressible, 6p, = 0, Vk. Then, there
exists a relation between the variables {e,vw,{vis = mus/pp, k € ST}}. Indeed, the volume change of
the porous medium is then equal to the sum of the changes of volume-contents of the individual species, so
that

Svy = Stre— Y dugs. (2.10)

keS—

2.5. Balance equations

The mass balance equations will be written for all the species in the fluid phase but water, and for the
fluid phase as a whole. To simplify the analysis, the species are assumed to be incompressible. Balance of
momentum will be required for the mixture as whole.

2.5.1. Mass, volume fluxes and electrical current density

Balance equations are phrased in terms of several fluxes. Because of the incompressibility of the spe-
cies, mass fluxes and volume fluxes can be viewed as entities that differ only by their units. The mass
flux M, and the associated volume flux Jix of the species k& of phase K through the solid skeleton are
defined as,

MkK = ka/(]( = pkK(Vk[( — Vs). (211)

Due to assumption (H3), only the fluxes of the species in the fluid phase are not zero. The sum of the fluxes
Jr provides the volume averaged flux Jy of fluid phase through the solid skeleton,

JW = anW(VkW — VS). (212)

kew

The diffusive flux of a species with respect to water in the fluid phase is denoted as JZW,
Iiw = i (Ve — V). (2.13)

The electrical current density 1.x in phase K [unit A/m?] is defined as the sum of constituent velocities
weighted by their valences and molar densities,

N,
Lk :Fchgka. (2.14)

kek

On comparing (2.6), and (2.14), a uniform velocity for all species of a phase satisfying electroneutrality is
seen to be a sufficient condition for the electrical current density to vanish in that phase, therefore I.s = 0. If
electroneutrality is assumed in the fluid phase, I.» may be viewed as a sum of either interphase or diffusive
fluxes, namely

Ck Ck d
IEW:FZ @ka :FZ WJ]CW. (215)

kew kew
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2.5.2. Balances of masses

The change of mass of a species is due a priori to both transfer through the fictitious membrane, i.e. a
physico-chemical reaction, and diffusion. The changes in the species of the solid phase are purely reactive,
and they are due to transfer through the membrane, between the solid and fluid phases, of water and ionic
species. On the other hand, the species of the fluid phase may also undergo mass changes by exchanges
(diffusion) with the outside, so that

om om .

%:—W"tdew, kew. (2.16)
Here the symbol /3¢ means derivative following the solid phase. The implied balance of mass of the species
k in fluid phase may be phrased in terms of the concentration ¢y, Eq. (2.5), and of the rate of ny given by
Eq. (A.9) of GL, namely, neglecting the spatial heterogeneity of p,,

SCkW 81]]5 -

I’lW?ﬁ-CkwdiVVS-l-diVJkW—‘r Z(lkl _CkW)W_(), kew. (217)
leS—

Eq. (2.17) indicates that the change of salt concentration is due to change of volume of solid skeleton,
diffusion of species through the porous medium, and transfer of all species between the two phases, with
appropriate weights and signs. A comparison, centered on the balance equation (2.17), of the present
framework with hydrogeological approaches is briefly sketched in Appendix E.

As another consequence of (2.16), if electroneutrality is assumed in both the solid and fluid phases, L.
defined by (2.14), or (2.15), is divergence free as shown in Appendix A,

divIy = 0. (2.18)

For incompressible species, the change of volume of the porous medium is equal and opposite to the
volume change of the fluid phase that diffuses through this medium,

divvg +divdy = 0. (2.19)

2.5.3. Balance of momentum
Under quasi-static loading and with the sole gravity g with intensity g as body force, the balance of
momentum of the porous medium as a whole is, e.g. Eringen and Ingram (1965),

dive + pg = 0, (2.20)
where p is the density of the porous medium, i.e. p =~ « P =3 pk.

3. The global picture: deformation, mass transfer, diffusion and electrical flow

In the absence of thermal effects, starting from the statements of balance of mass for each species, and
balance of momentum and of energy for the phases, the Clausius-Duhem inequality for the mixture as a
whole can be cast in a format (see Eq. (3.6) in GLH) that highlights mechanical, transfer and diffusion
contributions. These contributions will be required to be positive individually,

SD] = —8?"1’ (/2 66"’ Zk,K'ukKaka 2 07
8Ds/5t = — Ypes- (15 — K57 > 0, (1)
O0D3 /0t == 1w (Vs —buy) - My = 0.

The chemo-hyperelastic behaviour will be constructed in order for the first term 3D, to exactly vanish,
Section 4.1. Due to phase electroneutrality, the electrical field does not work, and this has lead to the
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electro-chemical potentials in 8D, to be replaced by the chemical potentials. Consequently, the elastic
constitutive relations do not depend directly on the electrical field.

Satisfaction of the second and third inequalities motivates generalized transfer equations and generalized
diffusion equations respectively. These are elaborated below for electrolytic solutions. Only acceleration of
gravity will be considered, i.e. all body force densities by are equal to g.

3.1. Interphase mass transfer as a chemical reaction

Transfer of ions and water is now viewed as a chemical reaction, which does not alter the electroneu-
trality of the solid phase.

The amount of chloride anions in the solid phase is certainly small due to the presence of the negatively
charged clay platelets. So, we may assume that the membrane is impermeable to chloride anions, or even
that the number of moles of chloride anions in the solid phase is negligible, Ncis ~ 0. Therefore, from (2.8),
the total number of exchangeable cations * N,, in the solid phase turns out to be constant. Consequently, a
single variable is sufficient to describe the variation of the number of cations in the solid phase. The second
variable that describes the state of species in solid phase is the mass-content of water.

According to (2.8), the total and elastic changes in the numbers of moles of cations in the solid and fluid
phases are linked by the following relations,

SNNas = —ONKg = —ONge = SNjgicte, (3.2)

where the superscript (el) is intended to imply that the relation is assumed to hold in terms of total numbers
of cations, as well as in terms of the reversible change in their number.

Consequences for the relations between changes of (reversible) masses follow from the relation
m,Si> = mim /VON,E,?). Indeed, with (3.2), the inequality (3.1), can be phrased equivalently in terms of the
(electro-)chemical potentials of water and mass-based (electro-)chemical affinities of the cations. The latter

are defined as

()

m 1

Ak = A7 = Wk — —h Kk = —ar7 8%k — 8kn)s K =S, 7. (3.3)
MmNy My,

The affinities include the difference of free enthalpies of formation between the two cations, which gives rise
to an equilibrium constant K., different from one, as explained in GLH. The resulting transfer relations
write,

E |: mys :| — |: Tw TwNa:| |:luwW - /"le:| (3 4)

Ot | MNas TNaw TNa Aw — AS ' '
Inequality 8D, > 0 is ensured if the 2x2 coefficient matrix T is assumed symmetric positive definite,
Tona = Tnaws Ty 2 0, Ty Tna — TonaInaw = 0. Uncoupling between the two mass transfers is adopted in the
simulations below, i.e. Tiyna = TNaw = 0. It implies that the sole chemical desequilibrium for water does not
result in cation transfer, and conversely.

The transfer equations (3.4) involve two characteristic transfer times t,, and ty,, which can be displayed
by non-dimensionalization,

4 In fact, in the present analysis, Nex can be considered either as the total number of cations in the solid phase or as the number of
exchangeable cations.



7504 A. Gajo, B. Loret | International Journal of Solids and Structures 41 (2004) 7493-7531

M
m%M) Pw — ml(\1a> % (3 5)

Ty = RT Twa TNa RT TNa.

3.2. Generalized diffusion

Inequality D5 > 0, Eq. (3.1), is ensured by generalization of Darcy’s law of seepage through the porous
medium, Fick’s law of diffusion of ions in the fluid phase, coupled to electrical flow.

3.2.1. Generalized diffusion equations
Using the definition (2.2) and Egs. (2.3),, (2.11), (2.13), the dissipation inequality 8D; > 0 can be for-
mally written as the sum of products of a flux times a driving force,

D3 /8t = — 7' F = —Jy -Fy = > Iy - Fly =Ly - Fey >0, (3.6)

kew

with the vector flux ¢ and a conjugate vector %

I Fy Vpw — p" /nwg
JiIaW FaI]QaW RT/U&AZ)VLHCNEIW - (pNa - pW/nW)g
J=|Jw |, F=|Fg | =| RT/0V'VLinckw — (pg — p" /nwg |- (3.7)
Jeuw Fow RT/08V Lncaw — (po — p" /nw)g
Lew Fep Vou

In establishing Eq. (3.7), a slight approximation has been done by replacing the ionic molar fraction x;;- by
the concentration ¢y in view of (2.5).

If the material behaviour is assumed isotropic, a generalized law describing flow of pore water through
the solid skeleton, diffusion of ions with respect to the free water, and electrical flow, can be introduced in
the format,

I =—-A7F, (3-8)
with 7" a symmetric matrix,

k m k‘l/lVNa k gVK k‘IfVCl kﬁ

kI{IaW kIa\JTaNa 0 0 kltilae

H = | ki 0 ki, 0 ki, (3.9)
kélW 0 0 kélCl kg‘le
ke ke ki Koo oo

with components

k2 c
kyw = kp + <, ki, = npewugsgnly, 6. = nyF Z |kl %u,’;,
o, . kew= Uy (3.10)
4 _ kea i _ o on Dp +
kkW wcwkp + kke? kkl = nwU, Ciw Ly, k, lew s

RT

where kp = K,/(p,.g). The format used to cast the above coefficients, their signs and the associated ter-
minology are justified in the identification procedure detailed in Loret et al. (2004). In particular, elec-
troneutrality of the fluid phase implies compatibility conditions between the coefficients of the generalized
diffusion matrix that are satisfied by (3.10).



A. Gajo, B. Loret | International Journal of Solids and Structures 41 (2004) 7493-7531 7505

3.2.2. Ranges of the diffusion coefficients
In the simpler case of a single anion and a single cation, Yeung (1990) and Mitchell (1993) have provided
ranges of values of the above material entities for fine grained soils:

e K, € [107',107] [unit m/s] is the hydraulic conductivity. In a basic attempt to model the decrease of
hydraulic conductivity during swelling, the latter is taken as a function, not of the conventional void ra-
tio, but of the void ratio in this two-phase context, that is e* = ¥}/ Vs, see GL.

e o €[0,1], is referred to as (non-dimensional) osmotic efficiency. As an extension of the single salt for-
mulation, w is taken as function of the total cation concentration (in mol/l), ¢* = cnaw/ vg? +
cxw/ vﬁ” >, and of water content w. The later is estimated using the specific surface 4; and the half distance
b between particle surfaces as w = 100bp, 4,. The specific surface 4; is expressed in terms of the liquid
limit using the relation obtained by Farrar and Coleman (1967). The resulting osmotic efficiency de-
creases quickly as cationic concentration increases at constant water content, and conversely. Data
for uncompacted clays show that the osmotic efficiency does not to tend to one at tiny ionic concentra-
tions. This is at variance with the data collected in Mitchell (1991), that represent an upper bound and
apply to compacted clays. The following analytical expression of the osmotic efficiency
® = (B = by/ct) has been adopted:

© | _tanh(B(B - B)), p——2B) (3.11)

Wmax Dmax

where the function (-) denotes the positive part of its argument. Positive By values with wp,x = 1 cor-
respond typically to compacted clays. On the other hand, uncompacted clays are characterized by By = 0
and oy < 1. The values @ = 0.7, ®'(0) = —0.15 match the data of Malusis and Shackelford (2002).

e D; €[107'°2 x 10~%] [unit m?/s] is the coefficient of effective diffusion of ionic species & in soil. The effec-
tive diffusion coefficient accounts for the tortuous path that the species have to travel through the porous
medium.

e o, € [1072 1] [unit siemens/m = A/V/m] is the bulk electrical conductivity of soil. It can be viewed as the
weighted average in the fluid phase of the ionic mobilities. It is not constant, it assumes a very small but
non-zero value for quasi-distilled water and it increases with ionic saturation. It involves only the prop-
erties of ions in the fluid phase, as if the path of ions were completely in fluid phase, and the solid phase,
where the electrical current density vanishes, does not enter.

o k, € [1072,1078] [unit m?/s/V] is the coefficient of electro-osmotic conductivity. It can be related to the
electrical charge of the clay mineral through the Helmholtz—Smoluchowski relation. However, since
the value of pH is constant in this analysis, the charge can be considered fixed, k., has been taken con-
stant.

e u; €[3x107%,107%] [unit m?/s/V] is the effective ionic mobility, a diffusive property, that is: the velocity
relative to water that the ionic species k can reach under an electrical potential ¢y, is —u; sgn{;V¢y. The
sign of the electrical charge indicates that a cation is moving towards the cathode, while an anion is mov-
ing towards the anode, i.e. in the direction of increasing electrical potential. This phenomenon known as
electro-phoresis is used to densify fine particle suspensions around the anode. In agreement with the usual
convention, the electrical current density has a direction opposite to that of electrons. The ionic mobility
is linked to the effective diffusion by the Nernst-Einstein relation applied to the soil: u; = D;|(;|F/RT.

Note that the electrical field is generated in order electroneutrality to be satisfied. Indeed, consider an
insulator membrane, i.e. I,y = 0, separating two electrolytes containing dissolved NaCl and maintained at
the same water pressure. Then Egs. (3.7)-(3.9) and electroneutrality yield nyRT (ul, — uf)Venaw +
6.V ¢y, = 0. As the ionic mobilities of Na* and Cl~ are not equal, a potential difference must develop across
the membrane.
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The identification of kyy accounts for the fact that measurement of hydraulic conductivity, at uniform
ionic concentrations and preventing electrical current I, necessarily gives rise to a streaming potential
Vo, = —k./6.Vpy, that is, water flows against pore pressure gradient but along the streaming potential
gradient. Under these experimental conditions, if the diffusive flow J{, is formally taken as
wcwKy/p,.gVpw, the coefficients k¢, result as shown in (3.10).

For electro-osmosis where the ionic concentrations and pore pressures are uniform, water flows against
the electrical potential gradient, that is towards the cathode. This water flow may lead to negative pore
pressures (suction) in the cathode region, and thus initiate a consolidation process, Acar et al. (1991). The
electro-osmotic conductivity is insensitive to the pore size according to the Helmholtz—Smoluchowski
theory, while the hydraulic conductivity decreases with the pore size: therefore, for fine-grained soils, an
electrical field is a more efficient tool to displace water than a hydraulic gradient.

3.2.3. An alternative identification of the effective diffusion coefficients

The diffusion coefficients, and ionic mobilities, used above are identified at vanishing pore pressure
gradient. For organic solutes, Manassero and Dominijanni (2003) and Malusis and Shackelford (2003) use
coefficients of diffusion defined at vanishing water flow Jy. This procedure has been reconsidered for
electrolytes. It implies qualitative modifications of the present structure of the generalized diffusion matrix,
but the quantitative modifications are quite small, as already observed for organic solutes in Malusis and
Shackelford (2003).

A further modification with respect to the present analysis is proposed by these authors, whose main
concern is the impermeability to ions of liners made of compacted clays. To reach their goals, they consider
that the tortuosity is proportional to 1 — w. The consequence is that the effective diffusion coefficients
vanish at tiny solute concentrations.

The two modifications suggested by Manassero and Dominijanni (2003) and Malusis and Shackelford
(2003) have been coded and tested, but not adopted here, for the following reasons. First, the clays analyzed
here are not compacted, and so w is not expected to reach one, so that the impermeability of the clay
specimen to ions is not expected, and in fact not observed in the laboratory experiments of Di Maio (1996).
Second, during the simulations of ionic injection reported below, this variable tortuosity model has
been observed to imply too large negative pore pressures on the diffusion front, as commented further in
Section 6.

4. Elastic and elastic—plastic constitutive equations

The absorption and desorption of water and ionic species to/from the solid phase introduce electro-
chemo-mechanical couplings. On the other hand, the mere presence of ions in the water phase does not
affect directly the mechanical behavior of the porous medium, they just flow through. Their amount is
governed by an equation of mass conservation and a flow equation. Therefore, to develop the electro-
chemo-mechanical constitutive equations, the chemical composition of the fluid phase is temporarily
ignored. Thus constitutive equations are provided for the following variables:

e a stress—strain couple attached to the mechanical state of the solid phase, namely (a,€);
e as many couples (chemical potential/affinity, mass-content) as there are species that can cross the mem-
brane independently, namely (i, 71,s) and (4s, mnas)-

Incompressibility of the constituents has eliminated the couple pore pressure pp—fluid volume-content
vy from the above list, and introduced effective quantities denoted by a superimposed bar, namely
Terzaghi’s effective stress &, the effective chemical potential g, and the effective chemical affinity A4,
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Pr 4 m§<M)
6=0 +pWI’ :awS = Hys ——» AK = ﬂNaK - (M) taKK' (41)
Pk My,

Use will be made in the sequel of the decomposition of the strain and total and effective stress tensors into
their spherical and deviatoric parts, namely

tre

3

e=—1I1+deve, o=-pl+s, a=-—pl+s, (4.2)
with the two first stress-invariants p = —tre/3 (p = —tra/3), and ¢ = (3/2s : s)"/?. Note that the transfer
relations, Eq. (3.4), are phrased equivalently in terms of total or effective potentials/affinities.

Viewing the transfer of ionic species as a chemical reaction implies electroneutrality to be satisfied
automatically in the solid phase.

4.1. Elastic constitutive equations

In absence of ionic transfers, the constitutive equations are designed to reduce to the usual Cam-Clay
logarithmic elasticity. Notice however that the dependence of the moduli on the chemical content of the
solid phase is accounted for.

In view of extension to the elastic—plastic behaviour, generalized reversible strains will henceforth be
denoted by a superscript el. Instances are strains, volume and mass-contents, number of moles. Later, these
entities will be decomposed into an elastic (or reversible) part and a plastic (or irreversible) part. Given a
reference state, and a process which is reversible from that reference state to the current state, the elastic (or
reversible) part of each of above entities is by convention equal to the total entity.

The chemo-clastic potential exhibited in GLH provides hyperelastic constitutive equations. The elastic
strain has the form

p |1
el — (tref—an£>§+%, (4.3)

and the effective chemical potential of water Ji,¢ and affinity 45 are given, respectively, by Egs. (3.22) and
(3.42) of GLH.

The existence of an elastic potential implies the incremental form of the elastic constitutive equations to
be defined by a symmetric 3 x 3 matrix,

—p B B, Ba Stre
8ty | = | Bw  Buw  Buna dmele |, 8s =2Gdevde. (4.4)
6AS BNa ﬁNaw ﬁNaNa 6Wl?\llaS

The incremental bulk modulus B and the coefficients B, and f3,, are defined as follows:

D p 0
B=L B =BLnL = k= Na (4.5)
K D Omig
and
BkBl _ 62K RT
/))kl = ﬁlk =5 F(p,pK) ol ol + (M) Veluts k,l =w,Na, (46)
B @mksamls my m;}g

where F(p,p.) = pLnp/pc — b, 7, = 1 — x5 and yy, = 1 +x8,¢/xis.
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In (4.3), tred! is the value of the elastic volume change when the effective mean-stress varies from the
convergence stress p, to a small reference value py = 1 kPa while the pore fluid is distilled water,

tred = k™ Ln 2% with k% = k(™ k € ST U {w)). (4.7)
Po
The chemical variation of k is detailed in Appendix A of GLH. On the other hand, the elastic shear
modulus G is assumed to be unaffected by chemical effects, so that there is no coupling between shear
components and chemical variables.

4.2. Elastic—plastic constitutive equations

With respect to the analyses in LHG and GL, the presence of several cations not only requires to account
explicitly for electroneutrality but it also introduces new aspects in the behaviour, since the relative contents
of the two cations vary. These aspects have been introduced in the elastic behaviour through the -
dependence in the molar fractions of the cations. However, experimental data available so far in the lit-
erature do not reveal effects on the plastic behaviour typical of the presence of several cations. Therefore,
the elastic—plastic model developed in GLH follows the trend of the model for homoionic clays in LHG, to
within the important fact that the relative contents of the cations will be kept trace of. The main features of
the elastic—plastic behaviour are motivated by the experimental observations of Di Maio and Onorati
(1999) on Bisaccia clay.

4.2.1. Mechanical loading

The specimen is in contact with a large reservoir of constant chemical composition and at atmospheric
pressure, so that py ~ 0. The load is continuously varied, sufficiently slowly however in such a way that
electro-chemical equilibrium can be established at the end of each load increment, i,y = f,,; and As = Ay
Experiments show that the e — Lnp curves are approximately straight and converging to a small void ratio
interval. However, the slopes of the loading and unloading curves decrease as the Na-content of the pore
water increases. This trend holds whatever this content, that is from zero Na-content (distilled water) to
saturated solutions.

4.2.2. Chemical loading: chemical consolidation and swelling

Under constant mechanical conditions, a chemical loading consists in varying the Na- or K-content of
the pore water. When the latter increases, the void ratio decreases, and this decrease rate is especially large
at small salt content. When the specimen is re-exposed to distilled water, its volume increases. These volume
changes are in qualitative agreement with the osmotic effect: increase of salt content leads to an increase of
pore water pressure, and this in turn leads to water desorption. Alternatively, one may say that water
desorption/absorption occurs to equilibrate the salt contents in pore water and clay pockets. The volume
changes depend very much on the loading history: the key phenomenon being that the presence of
potassium reduces considerably both elastic and elastic—plastic compliances of clays.

The behaviour qualitatively described above is now given an analytic expression. The superscript pl
denotes the plastic contribution to a generalized strain, for example,

e=e 4 mys=m +mbs, k=w NaK. (4.8)
The inequality dissipation (3.1) becomes,

3D = —ptrde” + s : dev 8e” + fu,,o0mP + AsdmPl ¢ = 0. (4.9)
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If, for simplicity, one restricts the stress dependence to the two first invariants p and ¢, that expression
motivates the generalized normality flow rule

tr de?! = —5/1%?7 dev 8¢ = 5A2£ % Ea Sma,ls =84
P 924

. omb = 5/1;%, (4.10)

0g
a.HWS

with the generalized potential g = g(p, ¢, i, .5, As). The yield function f has the same arguments as g plus
tre?' which allows for hardening and softening, for example when the yield function and plastic potential
are of the Modified Cam-Clay type, namely

2
I N _ 4 —
f_f(p7Q7:uwS7ASatr€p)_MZI—?—’_p_pCv (411)

with M = M (i, As) and p. = p.(i,s, 4s, tre?'). The incremental elastic—plastic relations are reported in
Appendix B. The major symmetry of the elastic—plastic incremental relations holds iff the flow rule is
associative, namely f = g. The calibrations of typical interpolation functions for A and M in terms of
{it,s,As} are provided in Appendix C of GLH together with the hardening/softening rule contained in p,
whose differential

G- = “stre + Lo 5 — 1o Pesi, (4.12)
De De Pe

appears as a modification of the usual Cam-Clay expression. The dependence i = «(fi, s, 4s) is introduced
to simplify formally the rate equations.

5. Finite element formulation
5.1. The semi-discrete equations

The field equations to be satisfied are the balance of momentum of the porous medium as a whole, Eq.
(2.20), the global balance of mass, Eq. (2.19), the balances of mass of the three ionic species, the two
transfer equations (3.4), and a weak enforcement of electroneutrality.

Boundary data can be given in terms of either primary unknowns or in terms of the fluxes that
appear in the right-hand sides of the weak forms below. The eight primary unknown fields are inter-
polated, within the generic element e, in terms of nodal values through a priori distinct shape functions,
namely

the solid displacement u = N,U*;
the fluid pressure py = N, P,
the concentrations of ionic species in fluid phase ¢y = N.Cj;,, k = Na, K, CI;

the mass-contents of absorbed water and of absorbed sodium mys = N,,Mjs, k£ = w, Na;
the electrical potential ¢, = Ny®7,.

Multiplying the eight field equations by the virtual fields ow, dp, dc, 6m and d¢, and integrating by parts
over the body ¥ provides the weak form of the problem as:
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/V(Bw) redlV — / ow - (pg)dV = [ dw-e-ndS,
vV Vv

or

/Spdiva—V(Sp)-JWdV:— dpJy - ndS,
o

)
/ San— + dc¢ Z(Ikl — ckw)% + V(3¢) - oy dV + / dcdy - Ve dV = dcoy - ndS,
les— 4 or
k =Na,K,Cl, (5.1)
1 Smw _ _ Tw a
,/VBm(FW SIS_(NWW_MWS) Tj (AW—AS)> dV:07
1 8”lNaS TNaw — — = - _
Jom( e By < ) = (- 49 ) ¥ =0,
/ V(6¢) - (—Ly)dV = — dpley - ndS,
4 ov
where
== (lu—con)ly, k=Na,K,Cl, (5.2)
lew
and n is the unit outward normal to the boundary 0V.
In space dimension ny, the global unknown vector X,
X=[U Py Cnaw Cxw Caw M, Mys @yl (5.3)

has maximum nodal length ng + 7. The resulting non-linear first-order semi-discrete equations imply the
residual R,

R = [Fsurf(g’ X) o [Fim+grav (g X 68§> [Fadv (X 8;5) ®’ (54)

to vanish. Here F*""" is the vector of surface loadings denoted collectively S. F™ '€ is the vector gathering

the internal viscous and elastic—plastic forces, as well as the gravity forces appearing in the left-hand-side of
(5.1). F*" is the sum of element contributions due to SUPG stabilization of advection, see GL for details.

5.2. Time integration
The time integration is performed within an explicit/implicit operator splitting scheme through an Euler

scheme, as in GL. At iteration i of time step #, the iterative Newton direction AV is obtained by insertion of
the time-integrator in the residual R, linearizing and setting the result to zero,

C(AV) =R, (5.5)

The effective diffusion matrix C* is expressed in terms of the diffusion matrix C and of the stiffness matrix K,
. oF oF

C'=C+AK with C= a\; (Xi,), K= axl (X)), (5.6)

where F; is the sum of implicit operators, namely internal forces and stabilizing advective forces, and it has
been recognized that the derivatives of F; do not depend on rates.

The element contributions to the block components in the matrices above are given in Appendix C, when
the virtual primary unknowns are discretized with the same shape functions as the actual unknowns,
advection requiring a special treatment.
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The elastic—plastic constitutive equations are integrated at each Gauss point using an extension of the
cutting plane algorithm as defined for elastic—plastic solids by Simo and Hughes (1987): this algorithm
entails only explicit computations and it iteratively enforces the yield condition within a given strict tol-
erance.

The global iteration process uses the full Newton-Raphson procedure. The time-step chosen in order to
keep the number of equilibrium iterations to a reasonable value was observed to increase as consolidation
got established, with a minimum of 0.10 s.

Iterations are stopped when the criteria below involving both residuals and unknowns are satisfied:

e maximum residual force/maximum applied force =5x107%;

e maximum correction of solid displacement = 10~* m; of pore pressure =5 Pa;

e maximum correction of ion concentration over its actual value=3x10"*, of absorbed mass of water
=3x107%, of absorbed mass of Nat =9x 10~

e maximum correction of effective affinity Ay (unit: m?/s?) =0.025 if |4;| < 5000, else = 5x 107°|4p|.

The finite element discretization involves quadratic solid displacements (three nodes per element) while
the other seven unknowns vary linearly (two nodes per element). The number of integration points and
history points are two, for all stiffness matrices and all residuals. Plastic history is stored at the same two
points.

A single mesh has been used for all tests: for the porous stone, it involves 14 elements of length ranging
from 0.025 to 0.4 mm. In the upper half sample, 27 elements of length increasing from 0.1 mm close to the
porous stone to 0.4 mm at the center. The qualitative accuracy of the results has been checked with a mesh
twice finer.

Once the primary variables are known, the dependent variables may be obtained as indicated in
Appendix D.

6. Simulations of chemo-mechanical oedometric tests

The model for mass transfer, diffusion, advection and elastic—plastic deformation for heteroionic
expansive clays described in the previous sections is now used to simulate oedometric tests on Ponza Clay
performed by Di Maio (1996, 1998). Complex paths involving interspersed mechanical and chemical
loadings and unloadings have been simulated in GL in the framework of homoionic clays. Here focus is on
heteroionic clays and on the effects of the periodic modifications of the chemical composition of the res-
ervoir according to the typical scheme: distilled water—saturated NaCl solution—distilled water—satu-
rated KCI solution—distilled water.

6.1. Material parameters and loading conditions

Initially, the specimen is in contact with distilled water. The initial material state is given in Tables 1 and
2. The material parameters corresponding to Ponza Clay have been defined in LHG and are reported in
Tables 3 and 4.

Table 5 shows the parameters defining the transport and transfer properties. The hydraulic conductivity
K, is estimated by equating the numerical and experimental consolidation times in a purely mechanical test
bringing, over a linear ramp of 5 sec, the normally consolidated material from 40 to 80 kPa, pore water
being kept distilled; the experimental information is provided by Fig. 9 of Di Maio (1996). The value K,
indicated in Table 5 is linked to the void ratio ej.
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Table 1

Initial data for Ponza Clay in equilibrium with distilled water and physical constants
Void ratio e =4.63
Preconsolidation stress P = 40 kPa
Water pressure pw =0 kPa
Valence of clay (. =—-0.341
Molar mass of clay m(c"” =384 gm
Tortuosity =02

Table 2

Initial repartition of mass-contents (unit: kg/m?®) and of the corresponding molar fractions in the solid phase in equilibrium with
distilled water at p = 40 kPa

Water m,s = 79.26 Xus = 0.837
Cation Na* MNas = 4.485 XNaS = 0.037
Cation K* mgs = 0.847 XKs = 0.004
Anion CI~ mcis = 0.000 xcis = 0.000
Clay mineral mes = 244.00 Xe.s = 0.121
Table 3
Mechanical parameters
K Py it -y
0.081 0.011 0.171 0.101 0.020 0.011 0.110 0.101
Table 4
Mechanical model coefficients
KINa K3Na AlNa A3Na KK K3K ik 23K Keq b« (kPa)  p; (kPa)
-0.07 6.0 -0.07 6.0 —-0.009 6.0 —-0.009 6.0 5.0 1400 2600
Table 5
Hydro-electrical transport, diffusion and physico-chemical transfer parameters
Hydraulic conductivity Ky = 0.495 x 1071° m/s
Electro-osmotic conductivity k, = 37.5np1 x 10~° m/s/V
Effective diffusion coefficients: <= effective ionic mobilities:
Dy, = 0.267 x 107° m%/s Uy, = 10.397 x 107 m?/s/V
Dy =0.387 x 10~ m*/s u = 15.070 x 1072 m?/s/V
Dg =0.403 x 10~ m*/s ugy = 15.694 x 107 m?/s/V
Transfer times: <= transfer coefficients:
7, =740 s T, = 1073 kgs/m’
Tna = 7.75 x 10° s Tna = 4 x 1072 kgs/m®

The diffusion coefficients are calibrated by equating the numerical and experimental consolidation times
in chemical consolidation tests at constant load and in absence of pore pressure gradient, the experimental
reference being the same as above.

No data specific to Ponza Clay are available that would allow a definite determination of the transfer
time t,. Therefore, in GL, a parameter analysis has been performed to assess its quantitative influence,
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starting from the reference value shown in Table 2. As observed in Fig. 1, the transfer time for cations is
much larger than that of water. A large tentative value has been adopted.

Some of the parameters listed in Tables 2 and 5 are not independent, e.g. the effective ionic mobilities are
deduced from the effective diffusions by the Nernst—FEinstein relation. They are nevertheless shown because
of their characteristic values.

The oedometer apparatus (height 20 mm, radius 28 mm) presents the advantage of allowing for
essentially one-dimensional displacements and flows within the sample. However, a closer look at the flow
paths of pore water and salt is necessary, Fig. 3. A discussion is presented in GL and it will not be reiterated
here. The height, porosity and diffusion coefficients of porous stone have a very strong influence on the
actual chemical loading rate on the sample (Table 6): in fact the porous stone damps considerably the
external changes of composition of the solution, Fig. 4. In the computations, the porous stone is considered
a rigid chemically insensitive porous medium, 4 mm thick. The degrees of freedom associated to the vertical
displacements of all nodes within the porous stone are set equal and the degrees of freedom associated to
the variations of absorbed masses are fixed and set equal to zero. Due to the symmetry conditions, only the
upper half part of the apparatus is meshed.

The boundary conditions at the interface between the reservoir and the porous stone consists in
monitoring the following quantities: total traction ¢ -n, fluid pressure py, ionic concentrations cy,
k= Na, K, Cl, electrical potential ¢,. At the center of the oedometer, the displacement is fixed to
zero, the flux of water is zero as well as the diffusive fluxes of ions, and therefore the electric current
density.

As mentioned above, the solution in the reservoir is initially distilled water and the sample has been
normally consolidated to 40 kPa. The subsequent chemical loading programme simulated involves four

stages, Fig. 6:
¢Ioad
porous

stone

T 28 mm
v

water and
dissolved NaCl, KCI

BT e b e e et

L L R clay
sample

Fig. 3. Schematic of an oedometer test. The sample undergoes instantaneous mechanical loading through a rigid porous stone.
Chemical loading is performed by infiltration of a solution of controlled chemical composition through the lateral sides of the porous
stone. Note that the solution is kept at atmospheric pressure. A change in composition of the solution reaches the interface porous
stone/sample delayed and smoothed out. Moreover, center points receive the change in composition later than peripheral points.

Table 6

Characteristics of the porous stone
Fluid volume fraction ny =04
Hydraulic conductivity K, =10"* m/s
Electro-osmotic conductivity k, =1.0x 107° m/s/V
Tortuosity 1=0.6

Osmotic coefficient w=0
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Fig. 4. Fast changes of chemical composition of the reservoir are smoothed out by the porous stone. Dashed curve: salt concentration
in the reservoir; solid curve: salt concentration at the interface porous stone-sample.

Stage 1: at time ¢ = 0, the NaCl concentration of the reservoir is increased to saturation.
Stage 2: the NaCl saturated solution of the reservoir is replaced by distilled water.

Stage 3: the KCI concentration of the reservoir is increased to saturation.

Stage 4: the KCl saturated solution of the reservoir is replaced by distilled water.

The changes of chemical composition of the reservoir are performed over a parabolic ramp of three
hours. Modification of the chemical composition of the reservoir is not attempted before a steady state is
reached. This requires of course that chemical consolidation has been established, but it is not sufficient.
The fact that the sole consolidation is reached does not imply that the spatial profiles of ionic concen-
trations are uniform. Each stage, chemical consolidation and swelling, displays, as explained below, four
characteristic times, namely

end of dissipation of negative pore pressures,
end of dissipation of positive pore pressures,
end of diffusion of ionic species,

end of transfer of water and of ionic species.

The evolution in time of the consolidation ratio (stages 1 and 3) and swelling ratio (stages 2 and 4) for
purely chemical loading cycles at constant load is compared, in Fig. 5, with a purely mechanical loading
cycle, at given reservoir chemistry, in fact distilled water.

The scatter in experimental data shown in Fig. 5 is due to the large range of stress levels involved. The
delay in osmotic consolidation is due to the buffer effect of the inert porous stone, across which ions have
first to diffuse before reaching the sample. The delay in osmotic swelling is due to both that effect plus the
key fact that the mechanical coupling, that is mainly volume expansion, occurs only when the ionic con-
centration in pore fluid returns to low values, namely less than 1 mol/l. At higher salt concentrations, the
mechanical properties change little. Note that consolidation and swelling ratios in Fig. 5 are independent,
so that possible irreversible effects are concealed by this figure.

Before commenting the physical aspects of the simulations, it is in order to mention some details of the
numerical simulations. In particular, water is never completely distilled, ions are always present even in tiny
proportions. So the fluid phase that in the text is routinely termed distilled water contains in fact ions with a
total molar fraction equal to 1073, The exact proportions of ions depends on the loading stages. They are
implied by the equilibrium of the chemical potentials between the fluid and solid phases, Eq. (3.35) of GLH.
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Fig. 5. Osmotic consolidation and swelling ratios resulting from the computations due to replacement of the distilled water of the
reservoir by a saturated solution of either NaCl or KCI. Dashed areas: experimental data from Di Maio (1996), her Figs. 9 and 10.

The composition of the solid phase is given as xnas/xks = 9, 49, 0.02 at the beginning of stage 1, and end of
stages 2 and 4 respectively. The resulting ratios xn.w/xkw in the fluid phase are 45, 245, 0.10 using the
equilibrium constant K., given in Table 4. These values tentatively aim at reproducing the fact that during
the experimental process the reservoir is polluted somehow by the electrolyte leaving the sample, the actual
concentrations in the reservoir depending on the ratio of its volume and on that of the sample.

6.2. Stages 1 and 3: chemical consolidation

Fig. 4 highlights how the porous stone delays and smooths, at the top of the sample, the rapid change of
chemical composition of the reservoir, as already commented on.

During chemical loading, the pore pressure profiles show strong fronts that propagate downwards,
Fig. 7. Higher salt concentrations in the upper part of the sample give rise to a negative pore pressure wave
(which would induce an upward water flow). In absence of electrical current, the water flux J; is equal to
—kp(Vpy — @Vn). Since the pressure is maintained to zero (atmospheric pressure reference) at the top of
the sample, negative pressures develop on a downward propagating front, at locations where the osmotic
efficiency is large because the salt concentration is small, as far as the low permeability does not allow water
to move upwards fast enough. A contrario, a vanishing osmotic efficiency results in a quite different picture,
see GL. Correlatively, computations where the osmotic efficiency reaches unity at tiny concentrations
displayed much larger negative pore pressures. Interestingly enough, the model based on the a varying
tortuosity as in Manassero and Dominijanni (2003) and Malusis and Shackelford (2003) was also observed
to give rise to even higher negative pore pressures, even with the osmotic efficiency (3.11): this is due to the
fact that the ionic species diffuse initially very slowly so that o remains large for a while, and the product
oV turns out to be larger, in early times, than in a constant tortuosity analysis.

As the salt concentration increases, the osmotic efficiency quickly decreases and mechanical coupling at
low ionic concentrations induces a volume decrease: both phenomena contribute to bring pore pressures
from negative to positive values, except at the top of the sample since the reservoir is maintained at
atmospheric pressure. Further increase of salt concentrations does not drive pore pressures any longer.
After about three days, they have dissipated and the vertical settlement stabilizes, Figs. 6 and 7.

Ionic diffusion, as controlled by the effective diffusion coefficients, and affected adversely by advection,
is slower than the propagation of pore pressures, and a uniform profile requires more than ten days,
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Fig. 6. Evolution of the settlement of the oedometer during changes of the chemical composition of the reservoir at constant vertical
stress. These finite element computations compare quite well with the experiments, Fig. 1. (a) lons K™ stiffens the material much more
than ions Na™. (b) The effect is essentially reversible. The actual evolution of the vertical settlement depends on the time at which the
chemistry of the reservoir is modified. After KCl loading, the reservoir is refreshed 30 days later: the resulting swelling is larger than at
the next cycle. This is because all the cations sodium have not been expulsed yet from the interlayers. The volume change upon the last
swelling is smaller than in the first swellings due to refreshment of the NaCl saturated solution because there are now some residual
cations potassium in the clay platelets.

Figs. 8-10(a) and (c): in fact, completely homogeneous ionic profiles require a much longer period, about
50-60 days.

Water desorption, due to mechanical coupling, shows virtually the same profile since the mass transfer is
quasi-instantaneous. Note that ionic concentrations and desorbed masses show diffusive profiles in
agreement with the small value of the (global) Péclet numbers |[vi%|L/Dj, defined by the advective velocities
viv Eq. (E.2), the half-height of the sample L = 10 mm, and the effective diffusion coefficients D}, asso-
ciated to the three ionic species £k = Na, K, Cl.

Once positive pore pressures have dissipated, the strain and vertical displacement stabilize even if the salt
concentration has not reached a steady state, compare Figs. 6 and 8. Indeed, at salt concentrations larger
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Fig. 7. Time and space evolution of the pore pressure in fluid phase during the four loading stages (1 day = 1440 min). In stages 1 and 3
where ionic concentration is increased in the reservoir, osmotic efficiency initially induces negative pore pressures at the center of the
oedometer (zero vertical position). As salt diffuses downwards, the osmotic efficiency decreases, and chemical couplings develops, and
both phenomena induce pore pressure increase. In stages 2 and 4, where the salt concentration is decreased in the reservoir, osmotic

efficiency implies, at intermediate times, increase of pore pressure because the ionic concentration gradient is opposite with respect to
stages 1 and 3.

than 1 mol/l, the chemo-mechanical coupling is quite low: the mechanical parameters are quasi independent
of the chemical content, Fig. 8 of LHG.
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Fig. 8. Time and space evolution of the concentration of ions Na* in fluid phase during the four loading stages. Ionic concentration is
slower to reach a steady state than pore pressure and settlement. During stages 3 and 4, a few cations Na' are present in pore water due
to desorption from the solid phase, and not to an incoming flux from the reservoir.

While the above comments pertain essentially to the stage 1 where the reservoir is saturated with NaCl,
they apply qualitatively as well for stage 3 where the reservoir is saturated with KCl. The main difference

between the two stages is due to the fact that the diffusion of K* is faster than that of Na*, and this speeds
somehow the trend to steady state.
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Fig. 9. Time and space evolution of the concentration of ions K* in fluid phase during the four loading stages. During stages 1 and 2, a
few cations Kt are present in pore water due to desorption from the solid phase.

6.3. Stages 2 and 4: swelling

As a steady state is approached at the ends of stages 1 and 3, the chemical composition of the reservoir is
changed by replacing the saturated solution by distilled water. Times used in each stage refers to the time at
which the reservoir chemistry is changed.
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Fig. 10. Time and space evolution of the concentration of ion Cl™ in fluid phase during the four loading stages.

The ionic concentration decreases, Figs. 8-10(b) and (d), and simultaneously the mass of absorbed water
increases, Fig. 11. Because practically all cations potassium which were initially in the solid phase have been
desorbed during stage 1, in stage 2 cations sodium can not enter neither leave the solid phase due to
electroneutrality, Fig. 12(b). Chemo-mechanical coupling implies absorption to induce volume increase,
which in turn induces negative pore pressures as the low permeability does not allow for a fast downward
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Fig. 11. Time and space evolution of the mass of water in solid phase during the four loading stages. Water desorbs as cation con-
centration increases, and conversely, essentially in agreement with the osmotic effect.

flow of water, Fig. 7(b) and (d). Notice however that the values of negative pore pressures are not high: this
is because the chemo-mechanical coupling, and the trend to swelling, is important only for moderate to
small ionic concentrations, as already pointed out.

Negative pore pressures have dissipated after about 8 days, while positive pore pressures develop until
day 15. Indeed, the mechanism beyond this pore pressure increase is osmotic efficiency, as the salt gradient
is opposite with respect to chemical consolidation. The effective stress is then reduced, due to equilibrium.
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Fig. 12. Time and space evolution of the number of moles of cations Na* in solid phase during the four loading stages. Practically all
cations potassium which were initially in the solid phase have been desorbed during stage 1, and thus electroneutrality has induced
cations sodium to replace them. In stage 2, electroneutrality further prevents cations sodium, which are then the only cations in the
solid phase, from being desorbed or absorbed, Fig. 12(b). In stage 3, cations K™ replace cations Na™ in the solid phase.

An approximative homogeneous profile of salt concentration is reached in about ten days like for
consolidation. For both consolidation and swelling, salt diffusion and water flow occur in opposite
directions, so that advection, even if it is small, delays the establishment of a steady state. However, for
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consolidation, the chemo-mechanical coupling, which was desorbing water, occurred early during con-
solidation and the later period was controlled exclusively by salt diffusion. This is no longer the case now, as
in fact chemo-mechanical coupling occurs at later times, and so downward flow of absorbed water is in
competition with upward flow of salt all along the process. Once again, it should be remembered that the
chemo-mechanical coupling is particularly strong at low salt concentration.

The slight final overshoot of the settlement, Fig. 6, is to be linked to the final dissipation of positive pore
pressures, and consequent increase of effective stress: this effect is not observed in experiments and might be
an artefact of the one-dimensional idealization.

The above comments pertain essentially to the swelling stage 2. Swelling stage 4 differs qualitatively,
because the introduction of ions K* in the solid phase has ejected ions Na* present initially, so that the
elastic and plastic compliances at the end of stage 3 are much smaller. Thus swelling results to be much
smaller in stage 4.

During the whole chemical loading process, the total vertical stress is equal to 40 kPa and constant
(gravity is neglected). Since the pore pressure takes negative and positive values, the effective stress p will
vary as well. When the pore pressure is negative, the effective stress is larger than 40 kPa and plasticity
occurs with strain-hardening. Subsequent chemical loading accompanied with increasing pore pressures,
and decreasing effective stress, occurs initially elastically. Later, due to chemical softening, the precon-
solidation stress decreases, while the positive pore pressures dissipate, and the effective stress increases again
towards 40 kPa. Starting from the porous stone interface, a plastic zone where p. = p, with p, increasing
due to strain-hardening, penetrates the sample downwards. At the end of the chemical consolidation, the
preconsolidation stress p. and the effective stress are equal and uniform almost all along the sample, Fig.
13(a).

Upon swelling, chemical preconsolidation develops as described in LHG, their Fig. 5c. In subsequent
stages, the negative pore pressures are smaller than in stage 1, so that the effective stress will not pass its
previous maximum value, at any point, and plasticity does not develop any longer, Fig. 13. In fact there is
not much plasticity even in stages 1 and 2, see Fig. 6. This is in agreement with the data of Di Maio (1996)
which indicate that, during chemical loading cycles, plasticity develops at higher stresses only. Even if the
mechanical parameters satisfy the relations (5.11) of GLH, the model shows chemical effects on the pre-
consolidation stress during chemical loading because p, # p;, Table 3, and these effects are able to imply
here chemical preconsolidation, Fig. 13(b)—(d).

As a final remark, let us point out that chemical loading and mechanical loading address different
targets. While chemical loading implies significant changes of the amount of absorbed water, Fig. 11,
mechanical compression has a much smaller impact on mass exchanges as shown in Fig. 14. In fact,
mechanical compression affects mainly pore water.

7. Conclusions

This study is to be understood as a piece of a general framework to both model constitutive behaviour
and simulate field problems where electro-chemo-mechanical couplings can not be neglected. It capitalizes
upon a previous, formally similar, study for homoionic clays where electrical effects could be disregarded.
To the elastic—plastic coupled constitutive equations developed in GLH have been added here equations for
diffusion of salt and water, and electrical flow through the porous skeleton as well as mass transfer
equations describing the key physical phenomenon of absorption/desorption. The influence of this phe-
nomenon on the mechanical properties is considerable, and the resulting swelling/chemical consolidation
poses tremendous problems in the maintenance and stability of geotechnical structures.

Care has been taken to embody the development of these complex aspects in a clear mathematical
structure that is nevertheless versatile enough to incorporate necessary refinements.
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Fig. 13. Time and space evolution of the preconsolidation stress p, during the four loading stages. Chemical influence on p. implies
preconsolidation after stage 1. Time refers to the beginning of each of the four stages.

In GL, attention has been drawned to the interpretation of experimental data, where pointwise
homogeneity at steady state within the whole sample might be very difficult to achieve. The present sim-
ulations have reiterated the importance of a careful control of all the details of the experimental setup, and

of the loading history and loading rates. Too fast loading rates might induce inhomogeneities in the samples
and invalidate a pointwise interpretation of steady states.
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Fig. 14. Time and space evolution of the mass of absorbed water during the mechanical consolidation and swelling. As expected,
absorption/desorption of water is much smaller than during chemical consolidation/swelling, Fig. 11(a) and (b).

Extension of the present analysis is necessary in order to account for the effect of pH. In fact, while pH
changes the electrical charge of clay platelets, the present analysis has assumed that quantity to maintain a
fixed value.

Appendix A. The electrical current density L., is divergence free

Using the decomposition of the change of mass of a species in the fluid phase into a reactive and a
diffusive part (2.16), we have

G 0 : ¢
m(ijl) g (mkW + mks) + div (FU(A];)JkW) =0. (Al)
k k

Summation over W, with the definitions (2.6) for the current densities /.s and .7, and (2.15); of L.y, yields

5 ¥

a ; (]eg + IeW) + div IeW =0. (AZ)

Electroneutrality of the fluid phase implies L. defined by (2.15) to be the electrical current density (2.14).

Electroneutrality of both solid and fluid phases, i.e. I.s = 0, Iy = 0, yields the result (2.18), which thus can
be viewed as the divergence of the electrical current density (2.14).

Appendix B. Elastic—plastic stiffness

The incremental elastic—plastic relations can be cast in the following matrix form:
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o) [mpomp B BM [ e
S | _ | Bp BD BL B || 3 B
SIHJVS B;% B 3}31 Biﬁv B wPNa 8Wle ' ’
SAS Billgap Ble\lpaq Bel\lljaw Bi}I)aNa 6’nNaS

The incremental moduli B} classically differ from their elastic counterparts By by a dyadic product,
namely:

. 1 _
Bk[; = Bkl - ﬁgkﬁ7 kal € {paqawa Na} (BZ)

The coefficients f;, g, k € {p,q,w,Na} entering the elastic—plastic stiffness (B.1) are obtained by the
consistency condition &f = 0:

0 0 0
ﬁ( = 7Bkﬁ%+3kw,—f+BkNa f

o of
a:uwS aIaS ’

k=p,wNa, f,= 30@. (B.3)

Similar definitions hold for the g;’s. The elastic coefficients used in the above formulas are read off the
elastic constitutive equations:

Bpp = B; Bpk = ka = Bk, k= w, Na; Bk[ = ﬁkl’ k,[ =w, Na; qu = qu = 3G[kq7
k=p,q,w,Na. (B.4)

The plastic modulus A is assumed to take only strictly positive values,

of of of of
H=h—"Lo +2L I B.5
5% + 2% + aﬁwsg + YRS (B.5)

while the hardening modulus % will be positive for hardening, and negative for softening,

P 0Og
= -2 B.6
A—kK Op (B.6)
For the Modified Cam-Clay model (4.11), the following derivatives are needed,
of 1 ¢ of 2gq Of 2 ¢*dM Op, L
- J_ =4 “J_ 9" Y =q4 B.7
P M P oq M'p oY M p oYy or’ Hosr 45> (B7)
where
apc o ﬁ/l 04 ph‘ oK De
or (Ln oY e )iow (B3)

In component form, the effective constitutive stiffness obtained from Sections 4.1 and 4.2, for an elastic
behaviour and an elastic—plastic behaviour respectively, has the following block structure,



A. Gajo, B. Loret | International Journal of Solids and Structures 41 (2004) 7493-7531

[ Duu | Duw DuNa
D = Dwu wa DwNa
L DNau DNaw DNaNa
i 1 1 1
E-—F,0F, ‘ Bu1- =¥y fu  Bxl-ZF, fr
1
- B,I- ng Fy Buw — ng fuw BuwNa — ng fNa
1
I BNa I- EgNa Ff JaNaw - H INa f’LU ﬂNaNa - H INa fNa

If the yield function depends on stress through p and ¢ only, then

of of of
:E+ B, I+ Bna
66 * aluwS TN aAS

F, = I—pr—i—fq

7527

(B.10)

and similar definitions for the quantities associated to the plastic potential g. E is the tangent elastic

stiffness, that is
E : 0e = Btrdel + 2Gdeve.

In matrix form with the Voigt convention, the incremental elastic relations write,

The elastic—plastic matrix form is obtained from (B.9) by mimicking (B.12).

Appendix C. Finite element matrices C° and K°

[0 0 0 0 0 0 0 0]
c, 0 0 0 0 0 0 0
0 0 C_. 0 0 ¢ : 0
CNaCNa CNallw CNaNa
C¢ = 0 0 CiKCK 0 ime iKmNa 0
0 0 0 0 ¢ ¢ ¢ 0|’
ccicc CCliMw CC1MNa
0 o0 0 0 - 0
o0 o 0 0o 0 .0
(0 0 o 0o 0 0 0]

(611 ] [B+3G B—32G B—-32G 0 0 0 By  Bxa ][ enn
5522 B-2G B+3G B-2G 0 0 0 By  Bna Sezo
5733 B-2G B-3G B+3G 0 0 0 By B Sess
5712 0 0 0 G 0 0 0 0 2 €12
7o | 0 0 0O 0 G 0 0 0 2 §eas
6713 0 0 0 0 0 G 0 0 2d€13
Tl B, B, By 0 0 0 | Buw Buna 6maws

L 5ZS i | DBna Bna Bna 0 0 0 Brnaw  Pnana | L 0Mnas |

(B.11)

(B.12)
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r e e e e 1
Kuu Kup 0 0 0 Kumw I(umNa 0
e e e e e
8 I;Epp Iépewa IEPCK Iipco 0 0 IEW
CNaP CNaCNa KCeNaCK K%\la('cl 0 0 “Na ¢
K¢ = 0 KCKP KCK CNa KL‘K ek ckec 0 0 KCK ¢ C.2
= 0 e e e e 0 0 e . .
X ccip <cieNa cack ceicel . . cap
myu 0 My CNa My, CK myCCl My iy My MNa 0
O e e e e e 0
MNalt IzlemaCNa MNaCK mNacCl MNa Mty MNaMNa .
0 $cNa K¢LK K¢Cc1 0 0 K¢¢ J

In the expressions below, the free indices & and / take values in {Na, K, Cl} and &’ and /' in {w,Na}. The
non-zero components of the generalized diffusion matrix are
1
C. = / Nl'nyN.dve,  C / N! —N,, dVe,
K My Ve m 7’}(/](/

CkCk

CiMy

T
qud / N

As for the generalized stiffness matrix,

e T Ckw e e __ T e
C /N —=N,, dVe, Cpu—/WNptrBudV, (C.3)

(M)

%
( Inak — o) — (Ixie — Ckw) )deV‘

UNa

uu

K — / B'D,B,dV, K, =—(C)",
Ve
CACl / VN nw(lkl—ckw)D VN dVe
K = / VN, kyw VN, dV¢,
VE

K / VNI Y (Il — cuw)kfy VN, dVe,
I=Na,K,Cl

K. / VNT——VN are,
P e v

d)d)_/ VN¢GLVN¢dV

K, = / VNS > (lu — con)KLVN, dVe,
1=

Na,K,Cl

K., = / VN(Pan,C sgn Ck VN dre,

k
]}(/ll
e
mk/u / N D/’uBu drv P
’ A’k’
l*w Na
e _ T e
Kumy - / Bu Duk’Nm dV 5
Tk/ /
e
mk/m// / N H’I/deV ’
n'=w, Na klkl
T
T k'n e
mkwl / N l/nrNCdV y
n'=w Nd k,k/
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where 15, = RT/(mMc,y) x vslw/uEM) and 1N, = RT/(m(NA/,‘I‘)QW) x 7, with jna = —1, jx = 1, ja = 0. For
and then K¢ = (K¢ )T, for m = m,,, mn,.

um

associative plasticity, D,,, = DT

um?> mu

The contribution of the element e to the vector F*'' of surface data is defined from the weak form as,

[y Nio-ads ]
= Jore N I S
. N_an, - 1dS
ot ffay NTaN ads
U:zur — ove %K ) (CS)
féV“ NC ac] - ndS
0

0
|~ Jore Nglew - 0dS

where a;, k = Na, K, Cl, is defined by (5.2).
The contribution of the element e to the vector F"''& of internal forces and gravity forces is defined
from the weak form as,

[,.Bladve — [, Nl (pg)dve
. NTdivvg — VNIJ, dve
fV 14 P
Jye NI B + VN o, d7
A J,e NIBg + VNI o dVe
oo = [, N ey + VNTag dye : (C.6)
fV" N; (TLM SIEPVS - (:uwW - luwS) - T;‘_‘]:m (ZW - 25)>dVg

Sy N (s s — B (1, — ) — (A — ) )d7°

TNa TNa

Jye VNG - (=L dVe

where

o duys
Bro=nw =+ > - cur) s, k=Na,K,CL (C.7)

leS—

Wiggles due to advective terms are cured by a SUPG method as in GL.

Appendix D. Dependent variables
D.1. Solid phase

The mass-contents mys, Kk = ¢, Cl, in the solid phase are constant while m,s and my,s are primary
variables and myg is deduced from my,s by the electroneutrality condition. The volume 7 is deduced from
the computed strain field as ¥ = V(1 + tre). The volume-contents and volume fractions are obtained di-
rectly from their definitions, namely vis = mys/p, and ms = mys/p, X (Vo/V), for any k € S. The elastic
molar fractions les, k =w, Na, K, are obtained from the elastic masses mi{s delivered together with the
masses mys by the constitutive equations.
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D.2. Fluid phase

Since the ionic concentrations are primary variables, ¢, can be obtained by >, _, cow = 1. The molar
fractions xy, k € W, are obtained from (2.5). The rate Eq. (A.9) of GL for ny, which involves only primary
variables, may be integrated for ny. The ionic volume fractions and volume-contents follow from (2.5).

The apparent densities of the species p*®, phases pX and mixture p result from the knowledge of the
volume fractions.

Appendix E. Comparison with hydrogeological approaches
The mass balance equations of ionic species (2.17) may be rewritten to highlight the fact that, with
respect to the solid phase, these species move by diffusion and advection by the water phase. For the ionic

species k € W=,

dc i *
nW%Jr Z Ve - Vi — Z (I — ) div (nw Dy Veyy)

meWw*= lew*
dv
= Z (Ikl — Ckw)(k;jWApW + ki,A¢W) — Z (]kl — CkW) 6—15, (El)
lew* les— 4
with the approximative > advective velocities VA%, m € W+,
vie = I = Iy e = > (U — caw) Ok Vp +k—7€v¢ I (E.2)
o " lew " ! lew " acmw " Ciw A '

A comparison of the present approach using thermodynamic potentials with models used in hydrogeology
is presented briefly in GL in the context of homoionic clays, their Section 3.3. Worth to be stressed are the
following points:

e Hydrogeology mainly concerned with pollutant transport assumes a rigid solid phase while a deformable
elastic—plastic solid phase is developed here.

e Mass transfers/reactions arise naturally in the present framework as an exchange between the two
phases. They appear in hydrogeology as source terms through absorption/desorption isotherms. Our
transfers are endowed with a characteristic time while the absorption in hydrogeology is usually instan-
taneous. The reversibility and irreversibility properties of the transfers are linked to plasticity. In hydrog-
eology, different isotherms in absorption and desorption need to be assumed to introduce irreversibility.
In both approaches, transfers introduce a retardation factor in the advection-diffusion equations.

Note that, in the actual finite element computations, the advective velocities are simplified to J-, which
has the additional advantage of easing the treatment of electroneutrality.
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